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Metric TSP

version 1 version 2
Input: clique K, , Input: graph G = (V, E)

costs c: V x V. — R>o 1 nonnegative costs ¢ € R”
forming a metric

Objective:
min-cost Hamiltonian
cycle in (K, ¢)

Objective:
min-cost tour in (G, ¢)




Metric TSP

version 1 version 2
Input: clique K, , Input: graphG = (V, E)

costsc: V x V — R>o, 1 nonnegative costs ¢ € R”

forming a metric
(K, c)is dense!! (G, c)is sparse (size O(m))

Objective: I ¢ Iiobjective:
min-cost Hamiltonian; min-cost tour in (G, c)
cycle in (K, c)!




(Metric) Subtour Elimination

Input: clique K,, = (V, E), metricc: E — Rxg

Objective: min Z CoZo Over x € RY

ecl
Aegree s.t. Z r. = 2 for all vertices v;
constrarnts
e€EE (v)
eliminates Z r. > 2 for all sets U # (), V;
subtours
ec€(U)

and 0 <z <1



Related work (abbrev.)

o important for variants of Christofides algorithm

o solvable by ellipsoid method

~

o O(n*/e) Plotkin, Shmoys, Tardos [1995]

~

o O(m?/e*) Garg and Khandekar [2004]




Metric TSP

version 1 version 2
Input: clique K, , Input: graph G = (V, E)

costs c: V x V. — R>o 1 nonnegative costs ¢ € R”
forming a metric

Objective:
min-cost Hamiltonian
cycle in (K, ¢)

Objective:
min-cost tour in (G, ¢)




Metric TSP

version 1 version 2
Input: clique K, , Input: graph G = (V, E)

costs c¢: V x V — R>o |nonnegative costs c € R”
forming a metric

Objective: iObjective:
min-cost Hamiltonian! min-cost tour in (G, c)

] |
cycle in (K, C)i _a

Question: (1 — €) -APX for Held-Karp bound

in nearly-linear O(m/poly(e)) time?




Metric TSP

version 1 version 2
Input: clique K, , Input: graph G = (V, E)

costs c¢: V x V — R>o |nonnegative costs c € R”
forming a metric

Objective: iObjective:
min-cost Hamiltonian! min-cost tour in (G, c)

cycle in (K, c)i

l‘.L l‘.&

Yes: (1 — ¢) -APX for Held-Karp in O(m/€?)




Held-Karp for Metric TSP

|

Packing cuts

1

Dynamic min cuts
(and updates)
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2-edge connected spanning subgraph

| (2ECSS)
Input: graph G = (V, E) with cuts C
nonnegative edge costs c € RY,
Objective: min Z Cele over y € R
ec
gt Zye > 2 for all cuts C €C
05> > >2
| equivalent I
: to subtowr |
elimination
| on metric |
: completion :
l O‘f(G, C) |




Dual of 2ECSS (2ECSSD)

\
I

- | exponential
costs ¢ € RY L am
=t
Objective: max 2 ch over z € RE:
GC}
S.t. Z ro < c. for all edges e,
C>oe

=)

and x > 0% /Q\




Dual of 2ECSS (2ECSSD)

\
I
!

E
costs ¢ € RY |
=
Objective: max 2 E zo over x € RES
|

, remdzd.
{o,1}-packing' g t ! Z rc < c. for all edges e,
matrix ./

O2e




_
_
_
_
_
_
_
el
lv»» o _____.
— _ _ s _
5 "S_ w\..b/_
_
"e _m" Q
M _C_ .mbﬁlau_
" ' oo E O !
5 — | D o
2 .S 2 5!
_ _k_ ‘— _
_mu QO md_
| S I < C
_ _P_ na_
_V_R L m/(_
_
== B "
L " | _
| L | " "
_ _
_ _
_ _
_ _
_ _
_ _



Multiplicative weight updates

cut packings MWU> knapsack problems

|? initialize edge

max E ro Over T € RC

CeC weights w + 1/c
£ 1|solve relaxation
:1;>€OC fmaxZ:zzcst r >0,

S.t. chgce ec b |

Z wexc < Zwece

c,e:ecc

~S

(m/e )1teratlons

tput convex

comblination of
relaxed solutions

2 for eachec€ E
— < EZCB@ Ce )
We exXp We

rc
maxp ) csp, ch




Multiplicative weight updates

cut packings MWU> knapsack problems

solve relaxation..

initialize edge
weights w + 1/c

’I_T_| solve relaxation
A max Zazcst x > 0,

Z wexc < Zwece

c,e:ecc

~S

(m/e )1teratlons

2 for eachec€ E
— < EZCB@ Ce )
We exXp We

rc
maxp ) csp, Ch




Multiplicative weight updates

cut packings MWU> knapsack problems

initialize edge
weights w + 1/c

’I_T_| solve relaxation
fnmm:}i}mjst x > 0,

|
|
o |
|
|
|
I
l
l
|
|
[b] = < T Y Z
EeETJUe : u@xc<i WeCe
|
|
|
|
|
|
|
|
|
|
|
|
|

-— o - - ea» a» o> o> eav eav e» e e - oo o> op

c,e:ecc

~S

(m/e )1teratlons

2 for eachec€ E
— < ¢ ZCBe Ce )
We exXp We

rc
maxp ) csp, ch




Multiplicative weight updates

cut packings MWU > min-weight cuts

|Z| for eachee & I%I initialize edge

EZC’BG c_
W, < exp 2 | We

maxp ZCBh Ch

weights w < 1/c

- o -— - e» o> o> o> o> e ead e e - eas oo ap

; |E|a:'< w,¢)

cT
EGET We

(m/e )1teratlons

~S

2 for eachec E
(Eet,)
We <— €XP We

rc
mnaxp ZCBh Ch




Multiplicative weight updates

cut packings MWU > min-weight cuts

|? initialize edge

for eachee F
weights w < 1/c

( GZCBG c_ )
W, < exp 2 | We

maxp ZCBh Ch

— for eache e (C,

- o -— - e» o> o> o> o> e ead e e - eas oo ap

|

|

|

|

|

|

|

|

|

|

|

|

|

' w, C)
. (w,

We < | IE|$<

|

|

|

|

|

|

|

|

|

|

|

|

|

eT
. ZGET We
€ M1y cC Ch —
EXPp ( C ) We (m/e )1teratlons
e

2 for eachec€ E
< 62096 Ce )
We <— €XP We

rc
maxp ) csp, ch




Multiplicative weight updates

cut packings MWU > min-weight cuts

initialize edge
weightszu%—l/c

- o -— - e» o> o> o> o> e ead e e - eas oo ap

[]a:< w, ¢)

cT
ZGET We

(m/e )1teratlons

ZZforcaé(j'w —

€ mlnhec’ Ch
EXP We
Ce




Multiplicative weight updates

cut packings MWU > min-weight cuts

2 bottlenecks

initialize edge
weightszu%—l/c

- o -— - e» o> o> o> o> e ead e e - eas oo ap

[]a:< w, ¢)

cT
ZGET We

(m/e )1teratlons

ZZforcaé(j'w —

€ mlnhec’ Ch
EXP We
Ce




Multiplicative weight updates

cut packings MWU > min-weight cuts

|? initialize edge

[a] C' <= min-cut(G, w)
weights w + 1/c

O(m) permincut
xO(m/e?) iterations |_’_1_|E| C + min-cut(G, w)

2 0(m?/€%) running time \ {O(m) time [Karger]!

- o -— - e» o> o> o> o> e ead e e - eas oo ap

for e cC, w, <

(Q(m) edge updates
per cut

xO(m/e%) iterations

~S

(m/e )1teratlons

-for e € C, We <

€ mmhe(; Ch
eEXP We
Ce

2 0(m?/€*) running time



From O(m?/€?) to O(m/€?)

need (14 €)-apx min-cut time per cut

min-cut oracle | weight update
what we  _ | i
have O(m) per min cut ' (m) edges per cut
what we O(1) amor. per ; O(1) amortized

additional « no suitable dynamic data structures

challenges « min-cut varies dramatically
between iterations



Dynamic min cuts
(and updates)

__________________________
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Karger’s O(m) min-cut algorithm

1. Randomly contract edge. Repeat.



|__\

Karger’s O(m) min-cut algorithm

Paﬁr\]r\m_| 7 ~~"~\Nt+rr~—~+ ~
e ¥ A g 3 = = o T T—

Pack spanning trees

Randomly sample O(logn) trees

Search each sampled tree for
min-cut induced by 1 or 2 edges
by dynamic programmilng



Tree packings and network strength

Input: graph G = (V, E') w/ spanning trees 7
and positive edge capacities ¢ € R”

Objective: max Z T+ OVETr X € R7
TeT

S.t. Z xr < c. for each edge e
T>e

szT

(1 — €)-apx tree packings in O(m) time via either:

- sparsification [Karger 00] - MWU [CQ SODA17]




Tree packings and network strength

Input: graph G = (V, E) w/ spanning trees 7
and positive edge capacities ¢ € R”

Objective: max Z z; over & € R7
reT

S.t. Z xr < c. for each edge e
T>e

z > 07

. |2




F———- ————————————— /---—\

\Tutte ‘Nash-Williams .---{ 1961,

\—-_a

bl
l
' Undirected graph w/ min cut k has}

| a tree packing of value > r/2




F_-——f ————————————— f---\

Tutte ' '/Nash-Williams!™ ™7} 1961 |

o o= o= o= Gy o aav o aED GED GED GED GED GED GED G 2D

' Undirected graph w/ min cut k has !
| a tree packing of value > r/2

@ let P be a(1— ¢)-apx max tree packing
C be a (1 + e)-apx min cut

II eachedgeec CisinatreeT € P

E] avg # C-edges per tree

:£< (1+¢)k 24 O(e)

Pl — (1—-¢)k/2

trees have < 3 C-edges

E Markov = const. fraction of :
|
!



|__\

Karger’s O(m) min-cut algorithm

Paﬁr\]r\m_| 7 ~~"~\Nt+rr~—~+ ~
e ¥ A g 3 = = o T T—

Pack spanning trees

Randomly sample O(logn) trees

Search each sampled tree for
min-cut induced by 1 or 2 edges
by dynamic programmilng



Fix a rooted tree 1" = poseton V'

u < v’means u IS a
descendant of v

v || w” means v and w
are incomparable

“D(x)” means all
descendants of x




|
:check value in G of each cuti

. induced by <2 edges in T :

\ \
/ /
\ \
- \ /o nested 2-cut
S/, O \ i \ A
A \ \ \
/ / /
/ / \ \ / \\ ;1 \
7/ / / ' 2¥ R O AN
/ / \ \ / /\ /
) A\ \ / , / \ / /_\ \
b= ARSI S SR s P\ \ , A \
& (D 0\ O
S /1 \ / \ \ / e @\ \
L L \_ =2 \_._\_ / / /S\\ \
Z(D(s)U D)) / A7 %\
/ \
(D(s)UD(t)) ,, 27 % N
e L ¥ A _ )

(¢'(S) = edges cut by S) (where s < )



l 1-cut sum of

= = weighted degrees

wEDE)S Y Y w

L —weight of cut - vED(s)'eE‘K(fU)

L_ weighted ._
AN degree
/N
/ \ —_—— -
// \\ \
/ N\ Tree sums over
/ ; \. weighted degrees
\ \ .
o\ \ O(m)time total
/ / \ \
V // .’ A \ over all s
/ / \ \
/ / \ \
/ / \ \

_______l

eeE|[D(s)]

Z w(e) i

~weight of edges
contained in D(s)

T

Tree sums over
weights at Ica’s

~

O(m) time total
over all s




2-cuts are a little more complicated...

i T
m_comparable 2-cut || ink-Cut trees

with a leaf

|
cut between 1
I
|

sand D(t
:\ l:‘g (s, D

(b) get min over v — root path

!

(@) add along v — root path :
!

!

in O ) time |

/_m _______

already
computed
1
2
3

4.

. init each v to €(D(v))
. add o© to all v>s

. for each e=(s,v)

a. subtract 2w(e) from

a. find min value over

all u>vw

for each e=(s,v)

all u>vw

! thin O(1)t
| _pa in O(1) time

independent

oft

C(s)|+22(D(t) — 5, 5)

a.

1. init each v to €(D(v))

2. for each e=(s,v)

3. find min value over

add 2w(e) to each u>w

all u>s

O(deg(s))

incomparable 2-cut [ N
with a path to a leaf Cga(lrgg?l 2¢(D
A computed

7\ F(D(si), D(1) =
F(D(si_1),D(t)) +E (s, D(t))

(si), D(t))

/// /£ \ consecutive D(s;) are closely related
/I II \\ \\ /
4 y
A N JO(deg(s1,.+»30))f
Sp—1 1. process s; like a leaf
b 2. for i=2,...,¢
° a. keep aggr. values from s;_;
I b. process edges incident
?82 to s; like a leaf
051 3. return best min over all %

-
. | . nested 2-cut with e e mmmm =
nested 2-cut with a leaf | add/min along v —root 1 |3

1 slightly more complicated ad/ustment I
a path to a leaf | between consecutive D(s;) |

€(Dt)—D(s;))= " TTTTTTTTmmTos -

G (D(t)) — €(D(s;)) +2€/(D(t) \ D(s:), D(s:))
C(D(t)\ D(si), D(s:))[= €(D(t) \ D(si-1), D(si-1)
/,’l ;‘\\ +?(D(t) \ D(Si), 82') — ?(D(Si_l), Si)

. process 81 like a leaf
. for i=2,...,¢

/ /. AN
2

keep aggr. values from s;_;

%(D(t)\D(s».){* a

b. process edges incident

i to §; kinda like leaf case
52

g o rerurn vest 5 deg(an, )L sel)f

induction step

. process each path
. contract each path

. recurse

to a leaf

into its parent

each leaf in new graph
had > 2 children before

4

number of nodes
is halved

. process each path

. contract each path

. recurse

to a leaf

into its parent

each leaf in new graph
had > 2 children before

4

number of nodes
is halved



2-cuts are a little more complicated...

i oyt ToT ST T mmmms———es [ incomparable 2-cut [z N . .
|n.cr?m::>ar:\ble 2-CUt || ink-Cut trees I with a%ath to a leaf %(D(t)_)_l— 2¢(D(s;), D(t)) induction :s/tép
with a lea | (a) add along v — root path | A c§;63$£ ; Y/ 7%
cutbetween 1 (b) get min over v — root path : / \ ° / N 1. process each path
| = . / Yz / N °
” ?ja”dlf;(t) , in O(1) time | /N E(D(s;),D(t)) = / N to a leaf
(D(t)) —[2 (87 (t)) - (’j’(aég"('g)') ————————— - /) Y — — 4 AN 2. contract each path
cgrl;eaﬂ}éd L/ . 4 \‘ %(D(Si—1)7 D(t)) + Cg(sia D(t)) // \\ into its parent
P , — - / & consecutive D(s;) are closely related A \ [3. recurse
1. init each v to €(D(v)) y ’9})\ \ / J \
4 o N
2. add oo to all v>s KL — NN /Q(degésl—,—.—.—., each leaf in new graph

— - J =
3 for each e= () - process s like a leaf > o LR & had > 2 children before

a. subtract 2w(e) from )

reduces to dynamic programming
with dynamic trees

I UL Lee I nested 2-cut wi F——m—mmmmmmmm————
nested 2-cut with a leaf , add/min along v — root | 3 1 slightly more complicated adjustment |
- a path to a leaf i
! path in O(1) time ' | between consecutive D(s;) J
[

induction s/tép

\

B o @ (D(t)) — €(D(s:)) 26 (D(t) \ D(s:), D(s1))
C(D(t) — 5) = C(D(t))[- € (s)+2€(D(t) — 5,5)

1. process each path
to a leaf

2. contract each path
into its parent

3. recurse

€(D(t) \ D(s;), D(s:))|= €(D(t) \ D(si-1), D(si-1)
D

— / \ Yoz Yoz .
1. init each v to €(D(v)) / N +€(D(t) \ D(s:),5:) — € (D(si-1), si)
/ t
2. for each e=(s,v) /// é‘:\‘\\‘ each leaf in new graph
a. add 2w(e) to each u>wv /,’ /’I)\\\\ 1. process s; like a leaf had > 2 children before
3. find min value over 4 [ N 2. for 1=2,...,4
L____l_!!!__ -3 U
all u=>s a. keep aggr. values from s;_;

number of nodes

b. process edges incident ;
is halved

O(deg(s)) 82§ to 8; kinda like leaf case

3. return besi;lyllél(?gé?(fqla:ll \l/\ge

~




Incremental setting

o edge weights incremented online (adversarially)

e need to maintain (1 + €)-apx min cut



Incremental Karger’s algorithm

o Initially: A < initial value of min-cut,
pack and sample log n spanning trees

e When we need an apx min-cut;:

o continue Karger’s search until we find a cut
of value < (1 + €) A, output and pause the search

e If good cut not found, then re-pack/sample trees

o wWhen we increment an edge weight
e INncorporate into tree sums w/ dynamic trees



From O(m?/€?) to O(m/€?)

min-cut oracle | weight update
what we  _ | i
have O(m) per min cut E Q(m) edges per cut
what we  O(1) amor. per ; O(1) amortized
need (14 €)-apx min-cut time per cut
what we  O(m/e?) total time
get

+ +
O O

(1) per min cut i ??
(1) per edge inc:



Updating edge weights along cuts

e need to update weights of all edges in a cut

e we know how to update fixed sets efficiently
[Young ’14, Chekuri-Q SODA17]

e problem: cuts vary dramatically between iterations

o key point: all cuts are induced by trees



o Euler tour converts subtrees to
Intervals

ro<a <at<b <c¢ <

cT<d <dt<et < rT

o Range tree decomposes each
side of a 1,2-cut to logn

“‘canonical subtrees”

o this decomposes each 1,2-cut to log” n
“canonical cuts” between canonical subtrees



Updating edge weights along cuts

e need to update weights of all edges in a cut

we know how to update fixed sets efficiently
[Young '14, Chekuri-Q SODA17]

e problem: cuts vary dramatically between iterations

e key point: all cuts are induced by trees

Y “canonical cuts” with total size O(m)

* + i\( => log2 n efficient updates on fixed sets




From O(m?/e?) to O(m/€?)

min-cut oracle | weight update

what we . | E

have O(m) per min cut ' (m) edges per cut
what we  O(1) amor. per | 5\ amortized

need (14 €)-apx min-cut time per cut
what we O(m/e?) total time i O(m/e%) init time

98t 1 6(1) per min cut i +O(1) per min cut

+0(1)_peredgeinc: + O(m/e*) edge

- Increments

~

[
—y —-—
———_—
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The main result. In this paper we obtain a near-linear running time for a (1 4+ €)-approximation,
substantially improving the best previously known running time bound.

Theorem 1.1. Let G = (V, &) be an undirected graph with |E| = m edges and |V| = n wvertices,
and positive edge weights ¢ : £ — Rsq. For any fivred € > 0, there exists a randomized algorithm
that computes a (1 + €)-approximation to the Held-Karp lower bound for the Metric-TSP instance
on (G, c) in O(mlog®n/e?) time. The algorithm succeeds with high probability.



I Dynamic min cuts
| (and updates)

' Recent work Fast implementation
| of Christofides’ algo



Christofides’ heuristic [1976]

(Recent work)

o simple (& best) 3/2-approximation for metric TSP

o bottlenecks include all-pairs shortest paths,
min-cost perfect matching on dense graph

° (1+ ¢)-apx to 2ECSS =>
(1+ €) g-apx in O(n'?/€3) time

~

o => O(m/e? +n'"/e’) time total




Thanks!
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