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Input:

bipartite graph G = (UtV,E)

weights w : E → R≥0

Output:

matching M ⊆ E maximizing

w(M)
def
=

∑
e∈M

w(e)

Approximate output:

matching M ⊆ E s.t. w(M) ≥ (1− ε)OPT
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Fast approximations: bipartite matching

exact approximate

cardinality O(m
√
n) Hopcroft and Karp [1973]

Õ(m10/7) Mądry [2013]
O(m/ε)

weighted O(mn+ n2 log n) Fredman and Tarjan [1987]

O(m
√
n logW ) Duan and Su [2012]

O(m log(1/ε)/ε)
Duan and Pettie [2014]

(m = edges, n = vertices, W = max weight)

(!) For fixed ε, weighted approximation is faster than
unweighted exact
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Duan and Pettie [2014]

(extends to general matching)

1. Primal-dual

- Only approximates dual optimal conditions

2. Scaling reduces weighted problem to unweighted

3. Runs an approximate subroutine at each scale

4. Updates dual variables with small loss from
approximation



Matroids

M = (N , I)
N : ground set of elements

I ⊆ 2N : independent (feasible) sets



Matroids
kred = 2
kblue = 3
kgreen = 1

x

y

- Empty set is independent

- Subsets of independent sets
are independent

- Maximal independent sets
have same cardinality
max independent set is a base

max cardinality is the rank

- If A,B ∈ I and |A| < |B|,
then there is b ∈ B \ A s.t.
A+ b ∈ I



Matroid Intersection

M1 = (N , I1) M2 = (N , I2)

M1 ∩M2 , (N , I1 ∩ I2)

(same ground set)

e.g. bipartite matchings, arborescences



Matroid intersection problems
Maximum cardinality matroid intersection

Input: matroidsM1 = (N , I1),M2 = (N , I2)
Output: S ∈ I1 ∩ I2 maximizing |S|

Maximum weight matroid intersection

Input: matroids M1 = (N , I1), M2 = (N , I2),
weights w : N → R≥0

Output: S ∈ I1 ∩I2 maximizing w(S) def
=

∑
e∈S w(s)

Oracle Model

Independence queries of the form “Is S ∈ I?”
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Running times for matroid intersection

Cardinality
O(nk1.5Q) Cunningham [1986]

(n = |N |, k = rank(M1 ∩M2), Q = cost of indep. query)

Weighted (W = max{w(e) : e ∈ N})
O(nk2Q) Frank [1981], Brezovec et al. [1986], Schrijver [2003]

O(n2
√
k log(kW )Q) Fujishige and Zhang [1995]

O(nk1.5WQ) Huang et al. [2014]

O((n2 log(n)Q+ n3 polylog(n)) log(nW ))
Lee et al. [2015]
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Approximate matroid intersection
Input: M1 = (N , I1),M2 = (N , I2),

w : N → R≥0, ε > 0

Output: S ∈ I1 ∩ I2 s.t. w(S) ≥ (1− ε)OPT
(OPT = max{w(T ) : T ∈ I1 ∩ I2})

Previous bound:
O(nk1.5 log(k)Q/ε) Huang et al. [2014]

Main result: (1− ε)-approximation in time

O(nkQ log2(ε)/ε2)
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approximate
cardinality

+
approximate

scaling

⇒ approximate
solution



Some terminology

MatroidM = (N , I), S ∈ I

- Span: e ∈ span(S)⇒ S + e /∈ I

- Free: e ∈ free(S)⇒ S + e ∈ I
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S + f1 ∈ I1
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Unweighted matroid intersection

Naive alg.: augmenting paths O(nk2Q)

O(nkQ) per exchange graph × k iterations
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Cunningham’s algorithm

Similar to Hopcroft-Karp for bipartite matching

1. Increase length of short. aug. path in each iteration
subroutine: batch-augment(S,M1,M2)
input: S ∈ I1 ∩ I2 with length of short. aug. path = `

output: S ′ ∈ I1 ∩ I2 with length of short. aug. path ≥ `+ 2

running time: O(nkQ)

2. Most augmenting paths are short
⇒ O(

√
k) iterations
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Cunningham(M1 = (N , I1),M2 = (N , I2))
S ← ∅
repeat until S is fixed
S ← batch-augment(S,M1,M2) // O(nkQ)

// After
√
k iterations, |S| ≥ k −

√
k

// O(
√
k) iterations total

return S

Cunningham-APX(M1,M2)
S ← ∅
repeat O(1/ε) times
S ← batch-augment(S,M1,M2) // O(nkQ)

// |S| ≥ (1− ε)k (!)
return S // O(nkQ/ε)
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Frank [1981]

Input: matroidsM1 = (N , I1) andM2 = (N , I2),
weights w : N → R≥0

Output: S ∈ I1 ∩ I2 maximizing w(S)

Running time: O(nk2Q)



1. Weight Splittings Frank [1981]

w1, w2 : N → R≥0 s.t. w = w1 + w2

Fact: For S ∈ I1 ∩ I2, if
(a) w1(S) = maxI1 w1(T ), and
(b) w2(S) = maxI2 w2(T )

then w(S) = max{w(T ) : T ∈ I1 ∩ I2}



2. Weight-induced matroid Frank [2008]

Mw = (N , Iw)
B ⊆ N is a base inMw

⇐⇒
B is a max. weight base inM w/r/t w

Reduces weighted matroid problems to unweighted
problems

Frank’s algorithm maintains weight splitting
w1 + w2 = w and S ∈ Iw1

1 ∩ Iw2
2 .
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S ← ∅, w1 ← w, w2 ← 0
// w2(f) = 0 for all f ∈ free2(S)

// w1(f) = 0 for all f ∈ free1(S)
// w2(f) = 0 for all f ∈ free2(S)
return S
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1 ∩Mw2
2 )|Nc until optimal

shift weight from w1 to w2

end while
// w1(f) = 0 for all f ∈ free1(S)
// w2(f) = 0 for all f ∈ free2(S)
return S

O(nk2Q)



HKK(M1,M2,w : N → R≥0)
S ← ∅, w1 ← w, w2 ← 0
// w2(f) = 0 for all f ∈ free2(S)
let c denote max{w1(f) : f ∈ free1(S)}
for c = W,W − 1, . . . , 3, 2, 1

// free1(f) ≤ c for all f ∈ free1(S)
Nc = {e : w(e) ≥ c}
run Cunningham on S in (Mw1

1 ∩Mw2
2 )|Nc

shift one unit of weight from w1 to w2

end for
// w1(f) = 0 for all f ∈ free1(S)
// w2(f) = 0 for all f ∈ free2(S)
return S

O(nk1.5WQ)



approximate
cardinality

+
approximate

scaling

=
approximate

weight splitting

⇒ approximate
solution
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S ← ∅, w1 ← w, w2 ← 0
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// w2(f) = 0 for all f ∈ free2(S)
return S
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Frank-APX(M1,M2,w : N → R≥0,ε > 0)
S ← ∅, w1 ← w, w2 ← 0
// w2(f) = 0 for all f ∈ free2(S)
let c denote max{w1(f) : f ∈ free1(S)}
for c = W,W/2, . . . , 4ε, 2ε, ε

// free1(f) ≤ c for all f ∈ free1(S)
Nc = {e : w(e) ≥ c}
repeat 1/ε times:

run Cunningham-APX on S in (Mw1
1 ∩Mw2

2 )|Nc

shift εc units of weight from w1 to w2

end for
// w1(f) = 0 for all f ∈ free1(S)
// w2(f) = 0 for all f ∈ free2(S)
return S

O(nkQ log2(1/ε)/ε2)
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